CHARACTERIZATION OF THE RESTRICTED 
TYPE SPACES R{X) 
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Abstract. We study functorial properties of the spaces R(X), introduced in 
[PT] as a central tool in the analysis of the Hardy operator minus the identity on 
decreasing functions. In particular, we provide conditions on a minimal Lorentz 
space A v so that the equation R(X) = K v has a solution within the category of 
rearrangement invariant (r.i.) spaces. Moreover, we show that if R{X) = A v , then 
we can always take X to be the minimal r.i. Banach range space for the Hardy 
operator defined in A v . 



1. Introduction 

Let X be a rearrangement invariant space (r.i.) on (0, oo), satisfying that the 
function 1/(1 + s) E X, which is equivalent to the condition (L 1,00 n L°°) C X [17]. 
The space R(X), introduced in [T7] (which appears naturally in the study of the 
norm of the Hardy operator minus the identity in the cone of radially decreasing 
functions [3]), is defined as the minimal Lorentz function space A^ x , with 



(1) W x {t) 



\Ei/tg\\ 



x • 



X 



where g(s) = 1/(1 + s) and E t denotes the usual dilation operator (cf. [2, §3]). 
Recall that, for a quasi-concave function <p, that is, an increasing function such that 
<p{t)/t is decreasing and <p(t) ^ for t > (cf. [2, p. 69]), the minimal Lorentz 
space A v is defined as 



A*=|/:||/lk = j o r{t)Mt)<°° 

where /* is the decreasing rearrangement of / [2]. Similarly, the maximal Lorentz 
space (or Marcinkiewicz space) M v is the r.i. space of all measurable functions / 
such that 



M v ={f:\\f\\ Mv =su P r(tMt)<oo 



where 



1 



/"(*) = 7 / f*( s ) ds - 
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Another important space associated to (p is the weak-type Lorentz space 

(2) AJ~ = {/ : ll/IU- = sup /*(*)¥>(*) < ~" 

and it is easy to prove that A^ C M 9 C A*' 00 . For a given r.i. X, the fundamental 
function <px is defined as 

<Px(t) = \\Xe\\x, where \E\ = t. 

It was proved in [H] that every Wx as in (JTJ) satisfies Wx(t) > Ctlog(l + 1/t), 
for some constant C > 0. Our main interest is to consider a converse result, namely, 
whether every Lorentz function space A v whose fundamental function ip satisfies the 
inequality 

(3) <p(t)>Ctlog(l + l/t), 

can be equal to R(X), for some r.i. X. 

It is known that this question has a positive answer if the upper fundamental 
index of the space X (see [2]) 

s>l logs 

where 

/ x <fx(st) 

(px{s) = sup -—, 

t>o fxyt) 

satisfies (3 X < 1. Indeed, [HJ Theorem 2.2] asserts that /3 X < 1 is actually equivalent 
to the identity R{X) = A ipx = A(X). Therefore, in this case, R is constant on 
all r.i. spaces having the same fundamental function ip; i.e., those X for which 
A v C X C [2]. Hence, from now on, it will suffice to consider the case when the 
upper fundamental index is equal to 1. 

We study first the connection between the equation R(X) = A^ and the optimal 
range for the Hardy operator on A^. This allows us to find a solution to this equation 
when the space X is an r.i. quasi-Banach space. In the remaining sections we provide 
conditions on a quasi-concave function (p satisfying fl3]) in order to have A^ = R(X), 
with X being a Marcinkiewicz space or a Lorentz space. 

2. Optimal range for the Hardy operator 
We recall the definition of the Hardy operator in M + : 

(4) Sf(t) = ±J f(r)dr. 
A simple calculation shows that, for any s,t > 0, then 

SX[o,t](s) = min jl, w j^-j = E 1/t g(s), 

where g and E t are defined as in ([T]). This remark yields the following important 
fact. 

Lemma 2.1. Let ip be quasi-concave and X an r.i. Banach space. The following 
are equivalent: 

(i) A V CR{X). 
(*0 l|£X[o,t]IU < (p(t). 
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(Hi) S : A v — > X is bounded. 

Proof. By definition, R(X) is the Lorentz space Aw x , where Wx(t) = \\Ei/ t g\\x ~ 
H'S'XtQ^llx- Therefore, A v C Aw x is equivalent to ||S r X[o,t]||x < <f(t) [6J. This shows 
the equivalence of (i) and (ii). 

The implication (Hi) =>■ (ii) is immediate. Let us now see that (ii) implies (Hi). 
First, notice that for a measurable set A, with measure \A\, we have that 

IISxaIU < H-S'xto.iAiilU < C||xa||a^- 

Now, given /e A p , denote A n = [x : 2 n < \f(x)\ < 2 n+1 }, for fisZ. Using that 



<p(\ f (t))dt, 

where A/(i) = |{x : > t} is the distribution function of / then, it follows that 



o 



\\sf\\ 



x 



$>(/ XA j <c^ n+1 \\xA n K 

n&L x neZ 



< L7^2" + V(A/(2")) < AC 



□ 



The equivalence of conditions (i) and (Hi) suggests that, in order to obtain an 
equality in (i), we should consider the optimal range for the Hardy operator (TjJ on 

Ay. 

Definition 2.2. Given a quasi- concave function ip, let 9l[S, AJ denote the minimal 
r.i. Banach function space Y such that S : A^ — > Y is bounded. 

As far as we know, the problem of determining the optimal space Y (among r.i. 
spaces) such that S : A v — > Y is bounded has not been studied before. An easy 
duality argument (using that A^ = M^) relates this problem with that of finding 
the optimal r.i. space X such that S' : X — > M ipa is bounded, where <p a (t) = t/<p(t) 
and S' is the conjugate Hardy operator: 

^fit) = r —ds. 



If the minimality condition we consider here is relaxed, and one looks for an 
optimal domain or range space among the class of all Banach lattices (or Banach 
function spaces) , then vector measure techniques are used to characterize these cases 
(see |13J and the references therein). However, note that in fact, as pointed out in [7], 
the optimal domain for the Hardy operator is never an r.i. space. Similar questions, 
related to optimal Sobolev embeddings for r.i. spaces, were also considered in [8j. 

In [UJ and [T2] this kind of optimal range (respectively domain) problems within 
the class of Banach lattices were studied for the Hardy operator and LP spaces. 

We now characterize the existence of fR[S, A J and show an explicit description of 
its norm: 

Theorem 2.3. Let ip be a quasi-concave function. Then, ip satisfies ()3]) if and only 
if the space ^[S, A v ] exists. Ln this case, 9K[S, A v ] coincides with the space: 

X = j/ E L 1 + L°° : /** < (Sg)**, for some decreasing g E A^j, 
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endowed with the norm 

\\f\\ x = M{\\g\\ K :r<(Sgr}. 

Proof. Assume if satisfies ([3]). Let us start by proving that || • \\x actually defines a 
norm. It is trivial that ||/||x = 0, when / = and that ||A/||x = 

Now, suppose that \\f\\x = 0. Then, there exists g n in A^, with /** < (Sg n )**, 
such that Hs^Da,- — ► 0- Observe that, since ip(t) > £log(l + 1/t) ss H^X^t] IliHi 00 
and using Lemma [2. 11 we have that 

S : A v ->• L 1 + L°° 

is bounded, and hence H^nllii+L 00 — > 0. Since /** < (Sg n )** for every n, we have 
that ||/||li+z,°° < inf ||5'^ n || i i + xo = 0, which shows that / = 0. 

Now, to prove the triangle inequality, take /i, f 2 G X. For each pair of decreasing 
functions gi,g 2 in A^, such that /** < (Sgi)** for i = 1,2, we have that 

(/i + / a )"(t) < (S 9l y*(t) + (Sg 2 y*(t) = - f ((Sg 1 y(s) + (Sg 2 y(s))ds 

1 Jo 

= 7 f S(g 1 + g 2 )(s)ds = (S(g 1 + g 2 )y*(t). 
1 Jo 

Therefore, 

1 1 A + AIU < hi + 92h^ < hih^ + IMU^ 

and since this holds for every gi,g 2 G A v such that /** < (Sgi)**, we get that 

+ / 2 |U< IIAIU + II/2IU. 

Hence || • \\x defines a norm in X, which is clearly rearrangement invariant. Let 
us see now that with this norm X is also complete. 

Suppose f n is a sequence in X with YlnLi 1 1 AIU < 00, then we want to prove 
that X^°=i fn converges in X. Splitting the sum into its positive and negative parts 
we can assume that f n are all positive functions. 

By hypothesis, for each n let g n be a decreasing function in A^ with 

f:*<(Sgn)** and |bn||A, <||/n|| + 2- n 

In particular, 

00 

W9n\\A v < OO7 

n=l 

and since A^, is complete, then the series Y^n=i 9n converges in A^. 
We claim that, for each k > 0, 

n=k n=k 

Indeed, first note that, by Lemma 12. 1[ S : A v — > L 1 + L°° is bounded and hence, 
using [21 §2 Theorem 4.6], 

00 00 

X] ll/nlU 1 +r~ ^ ll^ll Wdnh^ < OO, 
n=l n=l 

and we conclude that Yln°=i fn £ L 1 + L°°. 
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Now for fixed k > 0, let 

k+n 
j=k 

Clearly 

oo 

hk,n t /J /j 
j=fc 

almost everywhere, so /i£* n f /j)** point-wise. On the other hand, for each 

nGNwe have 

k+n k+n k+n 



(EC^E(%r=( s (E*))*M s (E*))" 

j=k j=k j=k j=k 

Hence, taking the limit as n — > oo we have that 



(EA)"s«Ea 



j=k j=k 

as claimed. 

Now, note that since 

oo 



£»||E fc IL = ° (E/»)**£(s(E 

n=k n=k n=k 

then, by the definition of the norm in X we have that 

oo 

lim YVJ = 0, 

A:— s-oo 1 1 ^— ' I 



n=k 

or equivalently, that Y^Li fn converges in X. Therefore, X is an r.i. Banach space. 
Now, for any decreasing / 6 A^, 

US/IU = inf{|| 5 || Av : (Sf)** < (Sg)**} < \\fh,. 

Thus, S : — > X is bounded, which by the definition of 9t[S, A v ] means that 
9\[S, A v ] C X. For the converse inclusion, pick any r.i. Banach space Y such that 
S : A v — > K is bounded. If / 6 X then, for each decreasing function g e A v with 
/** < (Sg)**, we have that [2, §2 Theorem 4.6] 

\\f\W < \\Sg\\ Y < \\S\\\\g\\ Av , 

which implies that < 1 1 -5 1 1 ||/||x; i-e., X G Y. This proves the minimality 

condition, and hence fR[S, coincides with X. 

Conversely, if the minimal range space 9\[S, A v ] exists, in particular we have that 

S: A^-^S^] C^ + L 00 , 

and by LemmaOwe obtain that tlog(l + l/t) « \\Sx[o,t]\\L^+L- < ||X[o,t] II = <p(t), 
which gives (jSJ). □ 

Note that Lemma [2.11 implies that, if (p satisfies Q, we always have 

A v c R(%S, A v ]). 

As an immediate application we get: 
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Corollary 2.4. Given (p satisfying ([3]) ; if there exists an r.i. Banach space X such 
that R(X) = A v; then R(9t[S, A J) = A v . 

Proof. Let X be such that R(X) = A v . By Lemma [2.11 we have that S : A v — > X 
is bounded. Hence, by the minimality of fR[S, A v ] we must have fR[S, A v ] C X. 
Therefore, it holds that 

A v C R{<R[S,A V \) c i?(X) = A v , 

as claimed. □ 

In particular, this shows that the equation R(X) = A^ has a solution if and only 
if X = HR[S, A^} is a solution (though it may not be the only one). 

Corollary 2.5. Given (p satisfying the following conditions are equivalent: 

(i) There exists an r.i. Banach space X such that R(X) = A v . 

(ii) There exists a constant C > such that, for any t > 0, if a decreasing 
function g t satisfies that 

g t (u) log (^jdu>t\og + 

for every s > 0, then 



g t (u)d(p(u) > C(p(t). 
(Hi) There is a constant C > such that, if g is a decreasing function with 

g(u) log [£jdu > log(l + s), 
for every s > 0, then for every t > it also satisfies 

Proof. Using Corollary 12. 4[ we know that R{X) = A^ has a solution if and only if 
A v = R(9i[S, Ay]). Moreover, we always have 

A^c R(V\[S,A^}). 

The converse embedding is equivalent to 

<p(t) < W mAv] {t) = mf{\\g\\ Av : (S Xm r < (<%)** with g | }. 

But, a straightforward computation shows that a decreasing function g t satisfies 
(5X(o,*)r <(%rifaadonlyif 



J g t (u)\og^y u >thg(l + j 



This shows the equivalence of the first two statements. The equivalence with the 
third one follows directly from the fact that the dilation operator E t commutes with 
the Hardy operator: SE t (g) = E t S(g). □ 

Remark 2.6. It is easy to see that, under condition Q, we always have that 
A v C 9\[S, A v ]. In fact, if / G A v , then taking g = f* G A^ we get that /** = 
S{g) < (Sg)**. Moreover, we can prove the following characterization for the case 
of equality, in terms of the upper Boyd index a\ v [2j §3 Definition 5.12]. 
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Corollary 2.7. Given (p satisfying ([3]), we have that 

if and only ifa\ < 1. If this holds true, then, in fact, A^ = R(tR[S,A v ]). 

Proof. By Remark I2.6[ C 9i[S, A v ], and hence equality holds if and only if 
fR[S, A 9 ] C A v which, by Theorem 12.31 is equivalent to the boundedness S : A v — > 
A^. Finally, this condition is known to be equivalent to the inequality a\ < 1 [21 
§3 Theorem 5.17]. □ 

Notice that, in general, the relation between the upper fundamental index and 
the upper Boyd index, for an r.i. space X with fundamental function (pxi is given 
by the inequality (3 ipx < ax [21 PP- 177-178]. When X is a Lorentz space, it is easy 
to show that, in fact, the equality always holds (examples of non-Lorentz r.i. spaces 
with strict inequality are known [15]). This result agrees with the following remark: 
If X = A^, we know that < 1 is equivalent to R(A 9 ) = A^ [HI Theorem 2.2], 
which implies that R(9i[S, A^]) = A v (see Corollary 12. 4p and, by Corollary 12. 7\ this 
is equivalent to a\ v < 1. Hence, if a\ v = 1, then ft = 1. 

Example 2.8. Since the spaces LP' 1 , 1 < p < oo and L°° are all minimal Lorentz 
spaces, with upper Boyd index strictly less than 1, then 9\[S, L P)1 ] = LP' 1 and 
m[S,L°°} = L°°. We know by Theorem O that, if p = 1, then L 1 ] does 
not exist (see also Remark [3. 5p . 

We are now going to see a couple of examples for which the upper Boyd index is 
equal to 1: 

Example 2.9. Let (p(t) = max{l,t}. Then 

<H[S,A„] =M^, 

where ip(t) = t/log(l + t). In fact, first notice that A^ = L 1 n L°°. Now, since 
S : L 1 — > L 1,ao and S : L°° — >■ L°° are bounded, we immediately get that 

S : A v -> L 1 ' 00 n L°° 

is bounded, though L 1 ' 00 n L°° is not a Banach space. But L 1 ' 00 n L°° C 
(this is in fact the smallest of all r.i. Banach spaces satisfying this embedding [T4"| 
Proposition 3.3]), and hence we get that fR[S, AJ C M^. 

For the converse inclusion, since R(M^) = A v [13], using Corollary 12.41 we get 
that R(9i[S, A^]) = A v . Thus, by the minimality of among those spaces with 
R(X) ^ {0} [14, Proposition 3.5], it also holds that M$ C ^R[S,A V ). 

Example 2.10. Let <f>[t) = tlog(l + l/t). Then 

<H[S,A ] = L l + L°°. 

In fact, since, by definition, 9K[S, A^] is an r.i. Banach space, it follows that 

JK^A*] C L 1 + L°°. 

Let us prove the converse inclusion. To simplify the notation, set X = 9S[S, A^} and 
let (fx denote its fundamental function. Since 

X C M vx C L 1 + L°°, 

by Lemma [2.11 and [HI Remark 2.7] we have that 

A c R(X) c i?(M Vx ) c RiL 1 + L°°) = A , 
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so, in particular, we have that R{M lfx ) = A^. Now, 

<P(t) > W Mvx (t) = sup(E 1/tg y*(u) Vx (u) 



u>0 



<px(u) r i 

sup / -as 



u>o u Jo 1 + 7 



t sup log(l +u/t)- 

u>0 U 



Therefore, for any u > 0, 



/ s / • f U( t ) ( t ) ■ n i 

tPxlu) < mi — — - -— = mm l,u\. 

YX( ' ~ t>ot\og(l+u/t) 1 J 

Hence, 

A m m{i it } = L 1 + L°° C A lfix C X, 

which shows that L 1 + L°° C <R[S, A^] (see also Lemma 14.41 and Theorem 14.51 for a 
more general result). 

3. The case of r.i. quasi-Banach spaces 

In the context of r.i. quasi-Banach spaces, the equation R(X) = A v has always a 
solution (provided that <p is quasi-concave), as the following result shows. 

Theorem 3.1. Let (p be a quasi- concave function and let A^°° be the r.i. quasi- 
Banach space defined in (j2l). Then, R(A^°°) = A v . 

Proof. A simple calculation shows that 

W A u^(t) = ll^/^ll^oc « ||5 , X[o,t]|| A J ( .«» 



sup - / xio,t](u)du(f(s) = \\x[o,t]\\M v = <p{t)- 







Therefore, 



J?(AJ») = A w = A v . 

□ 



It is known [16] that A^°° is a Banach space if and only if tp satisfies the so called 



B\ condition PQ: 



^dr<C^ 
r 2 ~ t 



which is equivalent to the boundedness of S : A^ — > A v . This condition is also 
characterized in terms of the upper Boyd index of A v by means of the inequality 
«a v < 1 |2, §3 Theorem 5.17]. Since /? < \- PP- 177-178], we obtain in this 
case that, whenever ipx ~ f, then R(X) = A 9 [T4"l Theorem 2.2]. 

As in Theorem I2.3[ we can also consider the optimal r.i. quasi-Banach space X 
such that the operator S : A v — » X is bounded. Let us denote this space by 
Dl q [S, A v ] . By definition HRq[S, A v ] C fR[S, AJ provided both spaces exist. 
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Theorem 3.2. Let ip be a quasi-concave function. The optimal range 9iq[S, A v ] 
coincides with the space 

F = {/ G L 1,co + L°°: f*< Sg*, for some g G A„}, 

endowed with the quasi-norm ||/||y = inf { ||p || a^, : /* < Sg*}. 

Proof. It is straightforward to check that || ■ ||y defines an r.i. quasi-norm. Let 
us prove now that F is complete. To see this, first note that by Aoki-Rolewicz's 
theorem [5] there exists < p < 1 such that || • \\y is equivalent to a p-norm || ■ || 
(i.e., \\x + u\\q < \\x\\q + ||y||o). Now, Y would be complete if we show that, for any 
sequence (fk) in Y with YlT=i ll/fcllo < 00 ' then the series 

oo 
fc=l 

converges in F. 

Thus, let (fk) in F with J2T=i ll/fcllo < °°- Splitting each ff. into its positive and 
negative parts, we can actually assume that fk is already a positive function in F. 
Since the inclusion F > L 1,0 ° + L°° is continuous, we have that 

oo oo 
fc=l fc=l 

and by completeness of L l, °° + L°° we conclude 

oo 

fc=i 

Moreover, since J2T=i ll/fcllo < °°> f° r eacn ^ there exists ^ G with < S(g%) 
and X}fcLi Hfl'jfellA < 00 • m particular, the series Yl^iQk converges in A^. 
Let now fix n G N. Clearly 

n+m oo 
k=n k=n 

so in particular 

oo n+m 

(EA)*:£ij E i 2 t(EA)'. 

For fceN, let us denote 

OO - 
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By [5], for every m we have 

✓n+m \ * n+m , 

e/* (3*) < Efew+uy*^ 

^ fc=n 7 k=n ^ 

n+m /■ 

< Z{S(gl)(t) + U Ckt Uo9l(u)duds 

k=n ^ 
n+m ✓ 

< E(^)(t) + U t ^(u)log(,^^ y )dn 



fc=n 

^n+m \ 

<S(E(l-log(c fc )K)(t) 

v fc=n 7 

oo 



Therefore, we have 



<s(£(l-log(c fc )K)(t). 

v fc=n 7 
oo oo 

/*) *(3t) < S ( £(1 - log(c fc M) (t), 



fe=n fc=n 

so by the definition of the norm, and taking into account that the dilation operator 
is bounded in Y, 



oo 

E fk 

k=n 



< 



< 



oo 

E 

k—n 



1 + log 



k=n 



+ E IbfelU^iog 

A v fc=n 



(E 3 ~i llgjll^,) 1/p 



which goes to 0, as n — > oo, since Ej=i ll#jll A < 00 anc ^ x\ag(C/x) < x p , if 
< x < C and < p < 1. Thus, we have seen that K is complete and hence it is 
an r.i. quasi-Banach space. 

Let us see now that the Hardy operator is bounded S : A v — > Y. Indeed, for any 

||5/||y=illf{|M|A ( ,:(W<V}<ll/lk- 

Now, suppose S : — > X is bounded, and let us see that Y C X. In fact, for 
/ G Rq[S,Atp], and any g G such that /* < Sg*, we have that 

imu<ii^ix<iisiiNk. 

Therefore, taking the infimum over all such g we get that < 1 1 -S' 1 1 ||/||y. □ 

Theorem 3.3. Let tp be quasi- concave. Then, R(JR q [S, AJ) = A^. 
Proof. For any t > we have that 



W^ [s , Av] (t) = \\E 1/t gy qlSiAv] = inf (H/lk : (£i/t<?)* < Sf j < \\ X [o,t]K = 

Similarly, if / G A^ is such that < £/*, then x*o, t ] < c f**- B Y El §3 

Theorem 2.10], this yields 

<p(t) = ||x[o,*]||a v < c||/||a^. 

Hence, 

<p(t) < cinf{||/|| A , : (E 1/t g)* < Sf*} = cW^ [SAv] (t). 

□ 
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Notice that, in fact, we have the following embedding. 
Proposition 3.4. For a quasi-concave function (p it holds that 

cAj- 

Proof. IffeMp, then 

\\Sf\U- = su V (Sf)*(t)(p(t) < sup £(/*)(*)¥>(*) = 



Therefore, S : M v — > A^°° is bounded, and in particular since A v C M v , so is 
Hence, by definition 



S:A^ AJ 00 . 



<H,[S,A„] cAj; 00 . 

□ 

Remark 3.5. In general 9i q [S, A v ] and $t[S, AJ may be different spaces. For ex- 
ample if (p{t) = t, and hence A v = L 1 , then the range space 9t[S, L 1 } does not exist 
by Theorem 12.31 while 

m^L 1 } = {/ G L 1 ' 00 : tot/'(t) = 0}. 
In fact, since 5 : L 1 -> L 1,0 ° is bounded, then fR q [S, L 1 ] C L 1,0 °. Also, if / G 



9%[>S, L 1 ] there exists g G L l such that tf*(t) < J g*(s)ds, and hence tf*(t) -> 



as t — 7- + . Thus, 

JHJ^L 1 ] C {/ G L 1 ' 00 : lim t/*(t) = o}. 

Let us now see that 

{/ G L 1,0 ° : ( limtf(t) = 0} C ^[^L 1 ], 

concluding thus the proof. To this end, take / G L 1,OQ , \\f\\ L i iao = 1, and satisfying 
that lim t _ >0 + tf*(t) = 0. Our goal is to find g G L 1 such that /* < S(g*). For 
< t < 1, define = sup 0<s<t (s/*(s)), which is an increasing, positive function 
and tf*(t) < h{t), < t < 1. By the definition of ft., and the hypothesis on /, it is 
easy to see that h{0 + ) = 0. Also, without loss of generality we may assume that h 
is absolutely continuous. Now, define 



g(t) 



h'(t), < t < 1, 
0, l<t<oo. 

It is clear that g G L 1 and, for < t < 1, 



/*(*)< 5£) = i f t g( s )ds<- t I g*(s)ds, 



and, for 1 < t < oo, 



/*(*)< 7 <^ = 7 f 9{s)ds< \ / </(,)</„. 



Therefore, < S{g*)(t), for every t > 0. 
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4. MARCINKIEWICZ SPACES 

In this section we introduce the auxiliary function ip, which will allow us to find 
a new approach for the study of the equation R(X) = A^. One of the main reasons 
to consider this new function is the fact that it is equivalent to the fundamental 
function of 9$[S, A^] (Proposition 14. 6p . 

Let ip : M + — > M + U {0} be a quasi-concave function. Let us consider the function 

(5) y(t) = inf : y „ , 

K ' T( ' r>o r log(l + t/r) 

which clearly satisfies lp(t) < <f(t)- 

Lemma 4.1. Let cp be as in (J5J). Then, 

(i) <p(t) is increasing. 

(ii) <p(t)/t is decreasing. 

(Hi) If there is a constant C > such that, for every t > 0, (pit) > Ct log(l + l/t) ; 
then ip(t) > Cmin{l,t}. In particular, <p(t) ^ for t > 0. 

Proof, (i) Given s < t it holds that 

ft*) = inf "*W U \ < inf ^} t/u \ = 

^ V ' u>0 log(l + U) ~ u>0 log(l + U ) ^ ' 

since <p is increasing. 

(ii) This is a direct consequence of the fact that log(l + 1) is increasing. 
(Hi) By hypothesis, it holds that 

y?(l) = inf - f T) - t >C. 
rv ' r>o rlog(l + 1/r) ~~ 

Moreover, since £>(i) is increasing and <p(t)/t is decreasing, we have <p(t) > C, for 
every t > 1 and > Ct, for every t < 1. Hence, for every £ > we have 

£(t) > Cmin{l,t}. 



□ 



Remark 4.2. Notice that: 



<p(0+) = inf ^(t) = inf inf ^ (r) 



t>o oor>o r log(l + t/r) 

inf ^ inf ' 



r>o r <>o log(l + t/r) 
inf <p(r) = y(0+), 



r>0 



while 



nm tff) = inf M = infinf . V(r) 



t^+oo t t>o t t>Or>o r log(l + t/r) 

= mf^mf * 7 =0. 
r>o r t>o log(l + t/r) 

The function defined in (JSJ) will play a fundamental role in what follows, and will 
allow us to build the space X = as a candidate to solve the equation R(X) = A v 
in the Banach case. We begin by showing the following embedding: 
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Lemma 4.3. Given a quasi- concave function <p : IR + — > E + U {0} satisfying ([3]), let 
us consider the function p> and the corresponding maximal Lorentz space M^. Then, 

A v C R(M~). 



Proof. Observe that, by Lemma 14. 1[ p is a quasi-concave function. We will prove 
that W M0 {t) < <p(t), for t > 0. Indeed, 

WM,(t) = — ^- =sup(E 1/t g)**(u)p(u) 

1 + Sjt u >0 

= sup — / —as mi 



«>o « Jo 1 + s/t r>o r log(l + w/r) 

<y?(r) 

= suptlogfl + w/t) inf — — — 

u >o %>orlog(l +u/r) 

<p(t)tlog(l+u/t) 

u>0 tlOg(l + u/t) 



□ 



Moreover, the function p has the following maximal property. 

Lemma 4.4. Let ip satisfy (J3]). If for some we have A^ C R{M^), then < <p, 
and hence 

A v C R{Mf) C R(M ( j ) ) 
In other words, up is maximal among the set of quasi-concave functions <fi satisfying 

sup -log (l + - Wit) < p(t). 

u U \ t J 

Proof. Suppose A v C R(M^). Then, for every t > we have that 

£ ^M,(t) = sup(E 1/ ^)**H0(n) 

= sup / —as 



u>0 u J 1 + s/t 

U\ (f)(u) 



= suptlog(l + y) 

u>0 v t/ 

Hence, for every u, t > we have 



it 



Uog(l + f. 

and, taking the infimum over t > 0, we conclude that 0(tt) < <£>(u)> as claimed. □ 

Theorem 4.5. Lei : 1R + — >■ M + U {0} be a quasi-concave function satisfying <^\). 
The following statements are equivalent: 

(i) There exists a quasi-concave function <f>, such that A^ = R(M^). 
(u) A v = R{M^). 

(Hi) There exists K > such that for all t > 0, there is u t > satisfying 
inf , ^ < , ?® „ < K inf ^ 



r>o r log(l + u t /r) t log(l + u t /t) »*>o r log(l + u t /r) ' 
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(iv) There exist sequences of positive real numbers (ctfc), such that 



ip(t) ps tsup6 fc log (1 + 



Ofc 



Proof, (i) (zi): Let us suppose first that A v = R{M^) for some 0. Then, by 
Lemma I4.4[ it follows that < <p. So we have that C M^. Now, this fact, 
together with Lemma 14.31 yield 

C R{M~) c R(M <j> ). 

Since by hypothesis A v = R(M ( / > ), we must also have A^, = R(M^). This proves the 
implication (i) =>- (ii). Since the converse is immediate, both are equivalent. 

(ii) (Hi): By Lemma I4T31 we have A v = R(M^) if and only if there is K > 
such that (p(t) < KWM~(t), for every t > 0. This means that 

p(t) < X sup t log f 1 + ^) inf - . . , 

W u>o V t/r>orlog(l + u/r)' 

which is equivalent to (Hi). 

(ii) -v=> (iv): Suppose first that there exist sequences of positive real numbers (a^), 
(bk) such that 



<f(t) « tsup6 fc log (l + yj. 



Since 

^Ms (t) « sup i log (l + 7) inf - — — 7 — — sup 6 fe log (l + — 
*" u \ t/ r log(l + M/r) k V r 

in particular, for u = aj, we have 

W M -(t) > t log (l + ^f) inf sup 6 fc log (l + ^*) > 6,t log (l + °f 

v \ t / r log(l+M/r) k \ rJ \ t 

This holds for every j, so we also get that WM^(t) > p(t). Since the reverse inequal- 
ity holds by Lemma [4. 'S\ we have that A^ = R(M^). 
Conversely, if (p(t) ~ H^m-(^) then 

<p(i) ps sup - log (l + ^)<p(u). 

u U \ t J 

Now, since tp is quasi- concave, by [U Proposition 3.2.6] (see also [TO]) there is 
an increasing sequence (tk)k& of positive numbers such that (p(t 2 k+2) ~ ^(^2fc+i), 
<f/(t2k)hk ~ £/(t2*+i)Wi and 

^(w) ps sup <^(t 2 fc+i) min ( 1, 



^2fc4 

In particular, we have 

tp(t) pa sup - log (l + 7) sup ^(t 2 fc+i) min ( !> 7-^— 

u U ^ t / V t2fc+l 

f log(l+tt/t) log(l + n/t) 
= r sup V9(r 2 fc+ij m ax < sup , sup 

k \ u<t 2k+1 hk+i u>t 2k+1 u 



t sup — log 1 + —— . 



□ 
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Notice also that in Theorem 14. 5[ the best constant K appearing in {%%%) coincides 
with the best norm of the isomorphism between Ay and R(My). 

We prove next a very important feature of the function (p, namely it coincides 
with the fundamental function of the optimal range 9i[S, Ay]. 

Proposition 4.6. Given ip satisfying Q, we have that 

y?JH[S,A v ] (*) = ||X(Q,t)||s«[S,A ¥ ,] ~ <p(t). 

Proof. First, note that by Lemma [4.31 we have A^ C R(My). Hence, by Lemma [2.11 
we have that the operator 

S : Ay -> My 
is bounded. Therefore, we must have 

m[S, Ay) c My, 

which implies that <Ar[s,a v ] (*) > p(t). 

Now, let ip(t) denote ^[Sy/V] (0 ■ Since ip satisfies ([3]), we have that 

SK[5,A,]cM f 

Hence, it follows that 

AyC R(^[S,Ay]) c R(M^). 
Therefore, by Lemma fl~4l we have that <p(t) > ip(t) = v 9 ih[s , ,a^](^), as claimed. □ 

We know [T?l Theorem 2.2] that in the case when (3 < 1, then R{X) = Ay for 
every r.i. space with fundamental function equivalent to ip. In particular, we have 
R(M V ) = A v , so by Theorem 14.51 we also have R(My) = Ay. We will see now that, 
in fact in this case, (p ~ (p. 

Recall that given a quasi-concave function p we define [2] 

<p{t) = sup——, 

s>0 <P{S) 

which is a submultiplicative function (it is actually the smallest submultiplicative 
function larger than <p). 

Lemma 4.7. Let p be a quasi- concave function satisfying fl3]). Then, 
(*) <P i^- 

(ii) If < 1 we have that (3~ < 1. 
(in) ip(t) « (p(t) holds if and only if 

Proof, (i) By definition, for every s > we have 

= sup— — 

t>o p(t) 

itlog(l +t/u) . tsipOr) 
= sup sup — mi — — — 

t>o u>o tp>(u) r>o r log(l + ts/r) 

<p(us) _, , 
< sup— — = p{s), 

u>0 f{u) 

where we just picked r = us to get the last inequality. 
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(ii) Follows immediately from (i). 

(Hi) Since (p(t) < f(t), then the equivalence of these two functions holds if and 
only if 

for every t > 0. This is the same as 

<p(t) < s 



p(t/s) ~ log(l + s) 
for every s,t > 0. Equivalently, this means that 

ip(s) = sup — — = sup < - — ■ 



□ 



Theorem 4.8. Let if be a quasi- concave function satisfying fl3]). We have that 
P v < 1 if and only if <p(t) « p(t). 

Proof. First, let us suppose that (3 < 1. Hence, by [HI Theorem 2.2] 

(6) tf(iky = Ay. 

In particular, by Theorem 14.51 we also have 

(7) = A„. 

On the other hand, by Lemma I4TT1 (ii) it holds that /9~ < 1, which, by [T4"| Theorem 
2.2] implies that 

(8) R(M~) = A ? . 

Now, putting together we get that A^ = A^, which is equivalent to (p(t) ~ 

$(t). 

Conversely, if the equivalence tp(t) ~ tp(t) holds, then by Lemma [4.71 (iii) we now 
that 

for every t > 0. Let us consider a > 1 large enough so that Tp(a) < a. We have that 



^1 n=0 >/a 

^— ' L a n v 2 

n=0 J 1 



n=0 



Since if (a) < a, this is a convergent series, and using j2j §3 Lemma 5.9] we conclude 
that /L < 1. □ 
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Note that for a quasi-concave function (pit) satisfying ([3]), then: 
(9) min{l, *}<£(*)< ' 



log(l + t) ' 

In the following results we study the equality cases in and prove some important 
properties of the solution R(X) = A 9 for the corresponding spaces: 

Proposition 4.9. The equivalence 

*® " CgfT+To 

holds if and only if (pit) ~ max{l,t}. Moreover, if ip(t) = t/log(l + t), then the 
Marcinkiewicz space is minimal among the r.i. Banach spaces X satisfying that 
R(X) = A max{1>t} = L 1 nL°°. 

Proof. It is easy to see that if ip(t) = max{l,t}, then the equivalence <p(t) & ip(t) 
holds. Let us now prove the converse result. We have that (p m ip if and only if 
there is some constant C > such that <p > Cip(t). This means that 

c < log(l + t) . nf tp(r) 



r log(l + t/r) 



log(l+*) 



r * log(l + t/r) 
<p(r 



ml mmjl, r\ 



= min < inf (pir), inf 

I r<l r>l r 

= min < lim(^(r), lim >, 

L r— >0 r— >oo T J 

and we get that max{l,t} < pit). The converse inequality is always true for a 
quasi-concave function. 

Suppose now that X satisfies that R(X) = L 1 n L°°. Then 7^ {0} and, by 

the minimality of [TH Proposition 3.5] among the r.i. Banach spaces with this 
property, we have that C X as claimed. □ 

Proposition 4.10. If ip(t) ~ tlog(l + 1/t), then <p{t) ~ min{l,/f:} and, moreover, 
ji _|_ ^00 ^ s ^ e un ig Ue r _i Banach space X such that R{X) = A v . 

Proof. That <^>(t) w min{l,t} is an easy calculation. Now, recall that we have 
already seen in Example 12.101 that R{L X + L°°) = A^. To finish, suppose X is an r.i. 
Banach space such that R(X) = A v . Clearly, we have that X C L 1 + L°°. Moreover, 
let (fx denote the fundamental function of this space. Since X C M^ x we have that 

A cp = R(X)cR{M v>x ). 

Hence, by Lemma [4.41 we conclude that 

C M vx C L 1 + L°°. 

Since <p(t) = min{l,t}, it follows that = M tpx = L 1 + L°° and, therefore, 
(p w yjx- But, 

L 1 + L°° = A min { 1)t } = A Vx C X c M<^ x = M min { 1)t } = L 1 + L°° . 

□ 
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Example 4.11. We have seen in Theorem 14.81 that if /3„ < 1, then R(M^) = A v . 
Propositions 14.91 and 14.101 show that this also holds for particular choices of <p with 
/3„ = 1. Let us see one further example. If i])(t) = t/log(l + t), then (3^ = 1 and 

sup r>0 log(l + t/r) log(l + r) ' 

We observe that the function f r (t) = log(l + t/r) log(l + r) satisfies that f t (r) = 
f t (t/r), and hence the supremum is attained when r = t/r; i.e., r = y/i. Therefore, 

An easy calculation now shows that 

w M -{t)^m, 

and hence R(Mx) = A^. 

We are going to analyze another approach in order to study the validity of the 
equation R(M$) = A v . First, we recall that there is a canonical involution in the 
cone of quasi-concave functions so that, for each such ip, we can consider ip 1 defined 
by 



<p(\/ty 

which is also quasi- concave. We now set 

(10) (p\t)=(p i (t). 

Theorem 4.12. Let <p a quasi-concave function satisfying fl3]) and let <p A be as in 
PU). Then, 

(i) <p> A satisfies (E}. 

(ii) (p AA (t) = W M ~(t). 
(in) <p AAA (t) = <p A (t). 

(w) R(M$) = A v if and only if (p AA it) « (p(t). 
(v) (p A <<p. 

Proof. We have seen in ([9]) that if (pit) > £log(l + l/t), then (pit) is quasi-concave 
and (pit) < t/log(l + 1), from where it follows that y? A (£) > tlog(l + l/t), which is 
(z). ' 
We now prove (ii): 

^ (t) = 1 = trlog(l + ^) 

* (j inf . S 7 <p*(r) 



r £rlog(l + ^, 
tr log(l + i 

sup - 



rslog(l + -) 

SUP 

sup t log (1-1 ) inf 

r V tr/ s 

WmM 



(p{s) 



«log(l + i) 
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Let us prove (Hi): By Lemma I4T31 we have that Wjw~(i) < <p(t), and hence, using 
(ii) and the involution property: 

? AAA (t) = (w M ,Y(t) > <p*(t). 



For the converse inequality, we apply again Lemma fl~3l but with the function yj A ; 
that is; 

^(t) = W M ^(t)<^(t). 

Finally, R(M^) = if and only if Wm~ ~ f, and (iv) follows from (ii). 
For the proof of (v), note that 

<p(ts) tslog(l + — 

v{t) = f>? ~ s ,>§ — - - — W) — - WFY 



inf 

s>0 



t,log(l + i) 



□ 



Corollary 4.13. If (fi and ip^ satisfy ([3]), then 

R(M~) = R(M^ 2 ) & W M ~(t) » W^-(t) ^ £T(f) « ^(*). 

5. LORENTZ SPACES 

In this section we study under which conditions we have that, given a quasi- 
concave function satisfying there exists a Lorentz space such that A^ = 
R(A^). 

Theorem 5.1. Let ip be a quasi-concave function satisfying (j^J), and let (p(t) = 
((pi)'(l/t), where <p^(t) = tip(l/t). If tp is quasi-concave and \im tp(s)/s = 0, then 

s— >oo 

R(A^) = Ay. 

Proof. Let us start by computing the fundamental function of R(A^), for a given 
quasi-concave function ip: 



W A At) 



f ip([j, El/tg (u)) du = J 



o (t + r) 2 J (t + rf J t (t + r) 

l/t 



1 r* r 1 ' 1 f i\ 

- I ip(r) dr + t if) ( - J dr. 
t Jo Jo 



1 r l [ l,t 

Now, if we denote ipi(t) — - I ip(r)dr and ip2(t) =t I ip(l/r)dr, since ip is 

t Jo Jo 

increasing, it is clear that 
Therefore, it follows that 

W A ,(t)^t dr. 
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Now, since (p is quasi-concave, then 

•l/t 



W A ,(t) ^tj^ tpfydr = <p(t) -ttimscp(l/s) = cp(t). 



□ 



Example 5.2. If (3 < 1, then we know that ^(A^) = A^,. If, for example, we take 
<p(t) = tlog(l + l/t), for which fi v = 1, then tp(t) = t/(t + 1) « min{l,t}, which 
satisfies the hypothesis of Theorem 15.11 Hence A^ = L 1 + L°° and 

R(Ajp) = A tlog (i+i/t)- 

Theorem 5.3. Let <p be a quasi- concave function satisfying (jHJ). Then, A v = R(A ( j ) ) 
for some quasi-concave function <f> if and only if there exists an increasing sequence 
(ofc)fcez and a decreasing sequence (bf-)kez> of non-negative real numbers, and a con- 
stant c > such that 

ip{t) nc + tj^h log (l + y)- 



fcez 



Proof. Suppose first, that A^ = R(A^), for some 0. By jU Proposition 3.2.6] (see 
also [TO] ) , 4> is equivalent to a function of the form 

$(t) = <f>(t k ) min f 1, —) + lim + lim ^-t, 

fcGZ " 

where (tk)kez is a sequence in (0, oo) with limfc^-oo^fc = and linn^+oo = +oo. 
Moreover, we can assume that lim s ^ oo 0(s)/s = 0, since otherwise we can write 
A^ = A^ n Li and 

A v = R{A^ n In) = #(A 0O ) n = 0. 

Now 

W H (t) ~ t J ' §(^)dr 

Eri/t , i v /■!/* 
0(tfc) / minfl, — j rfr + £ / \\m.<f>{s)dr 



- tE^r 2l °g( 1 + f)+^ 0+ )- 

fcGZ h 

Hence, we can take = tk, bk = <p(tf-)/tk and c = (f>(0 + ) so that 

t 



ip(t) «c + *^& Jfe log(l + 



For the converse, assume now that such sequences exist so that 

Ok' 

t 



ip(t) «c + *^6 fc log(l + 



fceZ 

Let 



(f)(t) =C+^ b k a k min (!> — ) • 

Now, it is straightforward to check that A v = R{A^). □ 
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